We propose a new state, strange color superconductivity, that appears in strange quark matter when total barion number density is fixed. In this state, heavy squarks, with a small Fermi surface, 'strangly' pair with light u or d quarks that have a larger nominal Fermi surface, opening a gap there. There are gapless states in the intermediate region. Strange color superconductivity might be realized in quark matter at intermediate densities in neutron stars. We expect a second order phase transition, as a function of increasing density, from this phase to color-flavor locked (CFL) quark matter.
Introduction
QCD predicts that quark matter at high baryon number density and low temperature is a color superconductor. At asymtotic densities, the ground state is well understood: quarks of all three flavors, u, d and s, pair according to the BCS mechanism, forming the color-flavor locked (CFL) phase [1] .
QCD ground state at intermediate densities, which might be relevant for describing neutron stars, is much less clear. Differences among quark masses cause mismatches among the Fermi surfaces of the species which potentially pair. If the mismatch is small as for u and d quarks, it is energetically favorable to bring together two Fermi surfaces and form Cooper pairs at zero momentum. The corresponding ground state of matter, where up and down quarks pair following BCS in the color-antitriplet, flavor-singlet, spin-zero channel is the two-flavor color superconductor (2SC) [2] . In QCD with three flavors, larger mismatch between s and u (or d) quark Fermi surfaces does not allow the BCS pairing of the strange with the light quarks. One possibility is pairing at a non-zero total momentum with LOFF type ordering [3] . This leads to the crystalline color superconductivity [4] in QCD. Here we discuss a different possibility for ordering with mismatched Fermi surfaces, that might be realized at intermediate densities in QCD.
The idea to rearrange the free-particle Fermi surfaces and benefit from pairing at total momentum zero was discussed long ago in condensed matter physics [5] . The state with quasiparticle dispersion relation crossing zero, thus leading to coexistance of superfluid and normal components, was found. At fixed chemical potentials this state, however, is unstable [5] , [10] . Recently this subject was re-examined in the context of cold atoms [7] , [6] and in the two-flavor QCD [11] . Wu and Yip found that pairing heavy-light fermions around both Fermi surfaces and leaving the region between Fermi surfaces gapless, leads to unstable state in all physically accessible regimes unless this state is fully gapped which then resembles conventional BCS state. Fixing the Fermi momenta, we encounter a situation very similar to the gapless superconductivity obtained for the two light flavors in QCD [11] . We find, that this phase is unstable below the critical line, while there is the BCS phase above it.
Instead of fixing the chemical potentials, we fix the total baryon number density. In this case one has to adjust the overall chemical potential in order to accomodate a fixed overall density when pairing occurs. We find two possible cases. When the pairing occures between species of equal or close masses, the situation is similar to the one with the fixed chemical potential: the state is unstable unless with increasing coupling it goes to the BCS state. Gapless superconductivity [11] which paires light u and d quarks under condition of charge neutrality and β-equilibrium might be of this type. In the opposite case, when pairing occurs between heavy and light species we find a stable solution. This is quit surprisingly because naively one would expect to pair partcles having mismatch in Fermi surfaces but at least of matching masses. We explain in the paper why heavy-light pairing is favorable and thus is stable.
In QCD at intermediate densities, µ ∼ 200 − 300 MeV, there is not only mismatch in quark Fermi surfaces but also a different dispersion relation, since the heavy s-quark, in contrast to the light u and d quarks, need not be ultra-relativistic. This difference makes a strange superconducting (SSC) phase, wherein strange quarks are raised to higher kinetic energies to pair with u or d quarks, possible. In this paper we identify a weak-coupling analogue of this phase. In a mean field analysis enforcing number equality, we find that the strange superconducting state with su-pairs is stable.
Pairing of light and heavy quarks
For illustrative purposes we analyze a toy model with a massive s and a massless u quark. The Fermi momenta are related to chemical potentials as [4] 
here δµ is tuned to enforce number equality. 
with V s < V u . In promoting particles of the heavy species to pair around the large Fermi surface of light species, there are two competing energetic factors to consider. These are the single-paticle energy cost of such promotion,
, where κ is the momentum gap. There is a net profit when
For a flat band of the s-quark, V s ≪ V u , promotion to a higher u-quark Fermi surface does not cost much energy. Translating this into possible effects of non-zero s-quark mass the allowed range for pairing is given by
To allow quantitative estimates in analytic form we consider a schematic gap equation that describes the spin singlet pairing of u and s quarks. Starting with non-interacting degenerate Fermi gases of u and s-quarks, turn on a weak attractive interaction between light and heavy species with a coupling −g < 0. In a basis of light particles and heavy holes the quadratic part of the Hamiltonian is
where the gap parameter is defined as ∆ = g dp
H quad. can be diagonalized by the Bogoluibov transformation
with sin 2θ p = ∆/ ε + 2 p + ∆ 2 . We obtain two branches of quasi-particle excitations with the spectra E
where
sin 2θ p . The condensation energy can be computed from the diagonalized Hamiltonian as
where the first term is the mean field potential and the integration is restricted to the area D defined by
with δp F ≡ p u F − p s F > 0, and p 0 is the momentum defined by ε
and λ is the UV cutoff parameter. Varying the groundstate energy with respect to ∆, d H / d∆ = 0, we find the integral equation for the gap parameter
where ε (12), with ∆ set zero, has vanishing energy denominator.
We can rewrite the equation for p
Pairing of u and s quarks produces two quasiparticle excitation branches. While E means the corresponding quasiparticle states, which have mainly u-quark character, are occupied in the ground state. Since this region has single occupation, it does not contribute to the pairing interaction, and it must therefore be excluded from the gap equation integral. The same phenomenon appears in a more formal treatment with Green's functions [9] . The integration over energy can have non-zero contribution only if the two poles of the Bogoliubov quasiparticles reside in different half planes of the whole complex energy plane. Two cases can arise, depending on whether the E + branch intersects the zero energy axis.
BCS superfluidity.
For |p
Pairing is possible in the whole range (p 0 − λ) ≤ |p| ≤ (p 0 + λ). We arrive at the BCS solution for the gap
is the density of states around p 0 , and λ is the ultraviolet cutoff, (Fig. 1, 2 , BCS solution).
Since N + (0) ∼ p 
Sarma and strange superconducting phases.
This occurs when |p 
For V s V u ≪ 1 with fixed Fermi momenta, g c → 0 becomes arbitrarily weak.
Restoring relativistic kinematics, we find
Again, g c → 0 when m u /m s ≪ 1 at fixed Fermi momenta, although the relativistic value of g c is larger than the one with linear spectrum, Eq. (18).
Expanding the gap equation (12) for small ∆, ∆ < |p 
we obtain ∆ 2 0
With linear dispersion relations, ε 
In solving Eq. (23), we distinguish two cases:
Chemical potentials fixed. Then δp F remains unchanged before and after pairing, and the gap equation is solved by
where δp Fig. 1 makes it clear that even when it becomes a possible solution at δp F > δp c F , Sarma (interior gap) state always has a smaller ∆ than BCS. It is energetically disfavored, and thus unstable. This was discussed a long time ago by Sarma and others [5] .
Total quark density fixed. In this case one has to adjust the overall chemical poten-
(V u +V s )p 0 , in order to accommodate a fixed overall density when pairing occurs. The mismatched Fermi momentum is then altered, δp F → δp F , with '∼' denoting the new Fermi momentap u,s F after pairing. Fixing the total density, δp F is determined by
For linear dispersion relation this reduces to
For large Fermi momenta compared to the mismatch in Fermi surfaces,
where α =
The gap equation (23) (with δp F → δp F ) and Eq. (27) are solved by
We plot the pairing parameter ∆ in Fig. 2 . The critical line is determined by
above which the BCS solution holds, while below we have the strange superconducting phase. There is no overlap region where both states are possible. So as long as the energy of the SSC is lower than that of the unpaired matter, the SSC solution is stable. In this calculation, the SSC phase is realized for 2α
For V s V u higher that this value, we return to the case of Sarma state. The coefficient
is model dependent, and will be different when a more realistic model and a more accurate approximation scheme are used. In the limit
exhibits the SSC phase for all δp F > 0; BCS occurs only at the point δp F = 0. In mean field theory there is a single second-order phase transition between the BCS and SSC phases, Fig. 2 . At fixed mismatch in Fermi momenta δp F and as ∆ 0 increases, one first encounters the SSC and then the BCS phase. The transition between the BCS and SSC phases occurs at
Since expressions for critical points and lines are symmetric with respect to interchange of V u and V s , our results hold in both cases when Fermi surface of the heavy species is either smaller or larger than the Fermi surface of the light species. In QCD, p
The energy difference between the SSC and normal (∆ = 0) phases is
where f (x) ≡ xe −arcsinhx , and
is the BCS pairing energy.
To first non-vanishing order in ∆/|p
SSC pairing is energetically favorable, δE < 0, but the net gain is parametrically smaller than in the BCS phase (Fig. 3) .
Conclusions
In the SSC phase pairing occurs at zero total mometum and peaks near the light species Fermi surface. It resembles standard BCS in that the pairing occurs at all angles, and there is no necessity for translation or rotation symmetry breaking. There are, nevertheless, gapless modes arising from momenta between the Fermi surfaces, where pairing is suppressed. For small gaps ∆ the energy gain of the SSC phase with respect to unpaired normal matter is ∆ 4 , parametrically less than ∆ 2 in the BCS case. The novel and characteristic feature of the SSC is that this phase is stable provided the total number density is fixed. We presume that other physical regimes involving shift of original Fermi surfaces are possible where SSC will be stable.
SSC pairing allows all flavors with condensates ud BCS of BSC type and us SSC and ds SSC to participate, and we expect that there is a density range where it is energetically favorable compared to unpaired matter or the 2SC phase with only ud BCS = 0 condensation. Alford and Rajagopal [8] showed the absence of 2SC phase in compact stars, and suggested that there should be some non-BCS pattern of pairing including possible unpaired matter in the range of densities between hadronic and CFL matter. The SSC version of CFL seems to be a serious candidate for these intermediate densities. Since there is a simple second order phase transition from the SSC to BCS, as a function of increasing density, it is natural to expect a single phase transition from SSC with three flavors to standard CFL quark matter. Detailed calculations, including shifts of Fermi surfaces due to electric and color neutrality, will be required to determine the range over which SSC is favored in weak coupling (work in progress by the author).
At strong coupling one could even speculate about SSC states at zero strangeness, where the strange chemical potential falls between ±m s .
We have phrased our discussion in terms of QCD and quarks, but one can easily imagine closely related universality classes for condensed matter or cold atom systems. 
